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Abstract In this paper, we define and study a notion of Ding projective dimension for complexes 
, of left modules over associative rings. In particular, we consider the class of homologically bounded 

below complexes of left P-modules, and show that Ding projective dimension has a nice functorial 
description. 
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1. Introduction 



In [AF], Avramov and Foxby defined the projective (resp. injective or flat) dimension for 
unbounded complexes by means of DG-projective (resp. DG-injective or DG-flat) resolutions. 
A complex P of R- modules is called DG-projective if Homfl(P, — ) transforms surjective quasi- 
isomorphisms into surjective quasi-isomorphisms, which is equivalent to saying that P is a complex 
of projective P-modulcs and Hoiilr(P, X) is exact for every exact complex X by [AF, 1.2.P]. A 
DG-projective resolution of X is a quasi-isomorphism P — > X with P DG-projective. By [EJX, 
Corollary 3.10], every complex has a surjective DG-projective resolution P — > X . If A is homolog- 
' ically bounded below, then P can be chosen so that inf{z | Pj ^ 0} = inf X. 

• Over commutative local rings, Yassemi [Y] and Christensen [C] introduced a Gorenstein projec- 

tive dimension for complexes with bounded below homology. In [V], Veliche defined and studied 
Gorenstein projective dimension for complexes of left P-modules over associative ring R. Not much 
later Gorenstein injective and Gorenstein flat dimension for complexes were introduced and studied 
in [AS, I]. These Gorenstein dimensions are related to the Gorenstein rings. General background 
materials about Gorenstein homological algebra can be found in [EJ, EL, Ga]. 



In [DLM], Ding, Li and Mao introduced and studied strongly Gorenstein flat modules, and 
several well-known classes of rings arc characterized in terms of these modules. A left P-module M 
is called strongly Gorenstein flat if there is an exact sequence 

> P x — > P — ► P-i — > P-2 — > • • • 

of projective left P-modules with M = Coker(Po — > P-i) such that Hom(— , F) leaves the sequence 
exact, where J- stands for the class of all flat left P-modules. Since strongly Gorenstein flat modules 
have properties analogous to Gorenstein projective modules, Gillespie [Gi] called these modules Ding 
projective modules. For every left P-module M over an associative ring P, Ding at al. also defined 
and investigated the strongly Gorenstein flat dimension for modules and rings. 
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The main purpose of this paper is to introduce and study a concept of Ding projective dimension 
Dpd R (X) associated to every complex X of left i?-modules over an arbitrary associative ring R. In 
particular, we consider the class of homologically bounded below complexes of left i?-modules, and 
show that Ding projective dimension has a nice functorial description. 

In this paper, R denotes an associative ring with unity. We consistently use the notation from the 
appendix of [C]. In particular, the category of i?-complexes is denoted C(R), we use subscripts C, □ 
and □ to denote boundedness conditions, and use subscripts (□), (□) and (□) to denote homological 
boundedness conditions. For example, C =! (i?) is the full subcategory of C(i?) of bounded below 
complexes; Cpj(i?) is the full subcategory of C(R) of homologically bounded below complexes. 
Given a complex C and an integer i, T, l C denotes the complex such that (S l C)„ = C n ~i and 
whose boundary operators are ( — The nth homology module of C is the module H„(C) = 
Z n (C)/B„(C), where Z n (C) = Ker(^), B„(C) = Im(<£+i); we set H"(C) = H_ n (C), C„(C) = 
Coker(<$„ +1 ). Given a left R- module M, we will denote by S n (M) the complex with M in the nth 
place and in the other places. For more details of complexes used in this paper the reader can 
consult [Ha, M]. 

2. Ding projective dimension of complexes 

In the section, T stands for the class of flat modules. 

Definition 2.1. A complex of i?-modules T is said to be totally ^-acyclic if the following conditions 
are satisfied: 

(1) T n is projective for every n£Z. 

(2) T is exact. 

(3) Homfl(T, F) is exact for every i?-modulc F G T . 

An exact complex of projective R- modules T is said to be totally acyclic [V] if Hom^ (T,P) is 
exact for every projective i?-module P. By definitions, totally ^-acyclic complex is totally acyclic. 
For totally ^-acyclic complex, we have the following two properties using the routine proof. 

Lemma 2.2. Let T be a totally T -acyclic complex. If Q is a complex of flat modules and n is 
an integer, then any morphism of complexes (p : T n □ — > Q n □ can be extended to morphism 
if : T — > Q such that ip n □ = if. Every morphism ip with this property is defined as unique up to 
homotopy. 

Lemma 2.3. LetT be a totally J- -acyclic complex. If Q is a bounded above complex of flat modules, 
then 

H(Hom H (T, Q)) = 0. 

An i?-module M is called strongly Gorenstein flat [DLM] if there exists a totally ^-acyclic 
complex T such that Co(T) = M. Since strongly Gorenstein flat modules have properties analogous 
to Gorenstein projective modules, Gillespie [Gi] call these modules Ding projective modules. Note 
that every projective module is Ding projective, and every cokernel C„(T) of totally J-"-acyclic 
complex T is Ding projective. 

Ding projective modules have the following properties. 

Lemma 2.4. Let DP(i?) stand for the class of Ding projective modules. The following assertions 
hold. 
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(1) If M G DP(P), then Ext^(M, L) = for all i > and aZZ module L of finite flat or finite 
injective dimension. 

(2) DP(P) is a projectively resolving class, and closed under direct sums and direct summands. 

(3) If ->• A ->• B ->• G is an exact sequence, and A, B G DP(P), Ext^(C,F) = /or 
every /?af module F, then C G DP(P). 

Proof. (1) is obvious. 

(2) It follows by analogy with the proof of Theorem 2.5 in [Ho]. 

(3) It follows by analogy with the proof of Corollary 2.11 in [Ho]. 

□ 

Lemma 2.5. LetT be an exact complex of projective modules. Then the following are equivalent: 

(1) T is totally J- -acyclic. 

(2) C,-(T) is Ding projective for all i G Z. 

(3) Cj(T) zs Ding projective for infinitely many i < 0. 

Proof. The implications (1) => (2) =>■ (3) are clear, so we only argue (3) =>■ (1). 

Let Q be a flat P-module and fix n G Z. We need to show H™(HoniR(T, Q)) = 0. By (3), we 
choose an integer m > 1 such that n — m is small enough for C„_ m (T) to be Ding projective. Thus 

H"(Hom fl (T, Q)) = Ext£(C„_ m (T),Q) = 0. 

□ 

Lemma 2.6. If G is Ding projective and ■ ■ ■ — > P-2 — > Pi — > Pq — — > G — > is a projective 
resolution of G, then there exists a totally J- -acyclic complex T such that To □ = P, where P = 
► P 2 — > Pi — > P — > — > • • • . 

Proof. By the definition of Ding projective modules, there is a totally J-"-acyclic complex T' such 
that Co(T') = G. Set 

(- T 1 / for i < 0, 
I Pi for i > 0, 



T 
and 



(5f /or i < 0, 
{ (3a for i = 0, 
Sf for i > 0. 

where a : Po — >• G and /3 : G — > T'_ x are the canonical maps. The complex T is exact, Co(T) = G 
and C_iT = C-i T', so T is totally ^-acyclic by Lemma 2.5. □ 

According to [DLM], Ding projective dimension, or strongly Gorenstein flat dimension, of M is 
defined by: 

— > G n — > >Gi — > Go — > M — > is exact, and G l G DP(i?) 



Dpd(AI) = inf in G N 

Lemma 2.7. (1) Let M 6e an R-module with finite Ding projective dimension, and let n be an 
integer. Then the following conditions are equivalent: 

(i) Dpd(M) < n. 

(ii) Ext^(M, L) = for all i > n, and all R-modules L of finite flat dimension. 
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(iii) Ext^(A7, F) = for all i > n, and all flat R-modules F. 

(iV) For every exact sequence — > K n — > G n -i — > ' • ■ — ► G\ — > Go — > M — > 0, where 
Gi is Ding projective, then also K n is Ding projective. 
(2) If (Mj)jg7 is a family of R-modules, then 

Dpd(®iMi) = aup{Dpd(Mi)\i e I}. 

Proof. They follow by analogy with the proofs of Theorem 2.20 and Proposition 2.19 respectively 
in [Ho]. □ 

Definition 2.8. An /"-complete resolution of X is a diagram of morphisms of complexes T — 
P X, where tt : P — > X is a DG-projective resolution, T is a totally /"-acyclic complex and t, 
is bijective for all i » 0. An /-complete resolution T — P X of X is said to be surjective if 
Ti is surjective for all i € Z. 

Lemma 2.9. Let T P X be an T -complete resolution. If g is an integer such that Tj is 
bijective for all i > g, then there exists an T- complete resolution T 1 — > P X such that r' is 
a surjective morphism, t[ is bijective for all i > g, and a homology equivalence a : T — > T' such 
that t = t'q and a% = id Ti for all i > g. 

Proof. Set (T')« = (Tffi C s _ x P © C s _i P) n as desired. □ 
Definition 2.10. The Ding projective dimension of AT is defined by 



Dpd R (X) = inf { n £ Z 



T — ^ P — -s> A is an /-complete resolution 
with Ti : Ti — > Pi bijective for each i > n 



Remark 2.11. (1) For any complex A", Dpd^AT) € {-oo} U Z U {oo}. 

(2) Dpd fi (X) = — oo if and only if X is exact. 

(3) For any k e Z, Dpd^^JT) = Dpd^AT) + k. 

Theorem 2.12. Let X be a complex, n an integer. Then the following assertions are equivalent: 

(1) Dpd R (X) < n. 

(2) supX < n and there exists a DG-projective resolution P — > X such that the module C n (P) 
is Ding projective. 

(3) supX < n and for every DG-projective resolution P' — > X, the module C n (P') is Ding 
projective. 

(4) For every DG-projective resolution P' — > X , there exists a surjective / '-complete resolution 
T' — > P' — > X such that t[ = id Ti for all i > n. 

Proof. (1) => (2) By hypothesis, there exists an /-complete resolution T P X such that 
r„ □ : T n □ — > P„ □ is an isomorphism of complexes. This yields isomorphisms IT (A") = Hi(P) 
for all i e Z, Hj(P) = K t (T) for all i > n, and C n (P) ^ C„(T). Since the complex T is totally 
/-acyclic, we have Hj(T) = for each i £ Z and C n (T) is Ding projective. 

(2) (3) Let P' — !> AT be a DG-projective resolution. Then P ~ P'. Since P' is DG-projective, 
there exists a quasi-isomorphism P' — > P. We can assume that P' — > P is a surjective quasi- 
isomorphism ( if not, let let F — > P be surjective with F a projective complex, then P© P' — > P 
is a surjective quasi-isomorphism ). Hence there exists an exact sequence 
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with K an exact complex. Both P 1 and P are DG-projective complexes, so K is a DG-projective 
complex. Thus K is exact and DG-projective, and so K is a projective complex. In addition, we 
have an exact sequence 

— > G n {K) — ► C n (P') — > C n (P) — > 0. 

By (2), we get that C n (P) is Ding projective. But C n (K) projective, and so C n (K) is Ding 
projective. It follows that C n (P') is Ding projective by Lemma 2.4. 

(3) => (4) Let P' — > X be a DG-projective resolution with C„(P') Ding projective and Hj(P') = 
for all i > n. Then E _n P,' □ — > C„(P') is a projective resolution. By Lemma 2.6, there is 
a totally P-acyclic complex T" such that □ = P r ' So we obtain an P-complete resolution 
T" ^> P' ^> X with rf = id T *' for alH > n and C„(T") ^ C„(P') by Lemma 2.2. From Lemma 
2.9, we get a surjective P-complete resolution T 1 — > P' — > X with the desired properties. 

(4) => (1) is clear. □ 

Corollary 2.13. For every family of complexes of R-modules (X^^j one has 

Bpd R (®iXi) = swp{Bpd R {Xi)\i e /}. 

Proof. For each i £ I, there is a DG-projective resolution Pj — > Xj. Set P = ©jPj. Then 
P — >■ ©/Xj is a DG-projective resolution and C„(P) = ®/C„(Pi) for each n G Z. Thus the 
assertion follows from Theorem 2.12 and Lemma 2.7. □ 

Corollary 2.14. Let M be an R-module. Then Dpd fl (S°(M )) = Dpd(M). 

Proof. Let 

► P 2 — > P — >• Po — »■ Af — > 

be a projective resolution of M. Then P — >• S (M) is a DG-projective resolution, where P = 

> P 2 — >• Pj — ► P — >• — > If Dpd(M) = oo, and Dpd fl (S°(M)) = I < oo, then Cj-(P) 

is Ding projective for any j > / by Theorem 2.12. Since 

— ► Q(P) — > P-i — > >• Pi — > Po — > M — > 

is exact with Cj(P) Ding projective and P, projective modules, it follows that Dpd(M) < I. This 
contradicts Dpd(M) = oo. So Dpd fi (S°(M)) = oo. If Dpd(M) = I < oo, then Q(P) is Ding 
projective, and so Cj(P) is Ding projective for all j > I by Lemma 2.4. Hence P — > S (M) is a 
DG-projective resolution with Cj(P) Ding projective and H 3 (P) = for all j > /. By Theorem 
2.12, Dpd fl (S°(Af)) < I. Suppose that Dpd i j(S°(M)) <l-l. Then Q_i(P) is Ding projective. In 
the exact sequence 

— ► C,_i(P) — »• P_2 — >- ^ Pl — >■ Po — >• M — > 0, 

C;_i(P) is Ding projective and every Pj is projective, which yields Dpd(A/) < l—l. This contradicts 
Dpd(M) = I. Therefore, Dpd iJ (S°(M)) = I. □ 

Corollary 2.15. Let X be a complex. Then Gpd^(X) < Dpd^(X) < pd^(X), with equalities if 
pd^(X) is finite. 

Proof. If Y>d R (X) = oo, then it is clear. If pd R (X) = — oo, then X is exact, so Gpd fl (X) = 
Dpd R (X) = — oo. Let pd^JT) = g < oo. Then for any DG-projective resolution P — > X we 
have supP < g and Cj(P) is projective for all j > g. So Cj(P) is Ding projective for all j > g. 
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By Theorem 2.12, we get Dpd R (X) < g. In similar method, we obtain that Gpd R (X) < k if 
Dpd R (X) = k. The final assertion follows from Theorem 3.7 in [V]. □ 

Proposition 2.16. Let — > X — > Y — > Z — > be an exact sequence of complexes. If two 
complexes have finite Ding projective dimension, then so does the third. 

Proof. By [V, Proposition 1.3.8], there is an exact sequence of complexes — > P x — > P 1 — > 
P z — > with P x — > X, P Y — > Y and P z — > Z DG-projective resolutions. If two of the 
complexes X, Y, Z have finite Ding projective dimension, then there is n <E Z such that Hj(P x ) = 
Hj(P Y ) = Hj(P z ) = for all j > n. For each j > n, we have an exact sequence 

— > C 3 {P X ) — > Cj(P Y ) — ► C 3 (P Z ) — > 

in P-Mod. If Cj(P z ) is Ding projective, then Cj(P x ) is Ding projective if and only if Cj(P Y ) 
is Ding projective. If Cj(P x ) and Cj(P y ) arc Ding projective, then Dpd(Cj(P z )) < 1, and so 
Cj+i(P z ) is Ding projective by Lemma 2.7. Therefore the assertion follows from Theorem 2.12. □ 

Proposition 2.17. Let X be a homologically bounded below complex. Then 



Bpd R (X) = inf I sup 1 1 € Z 



Q ~ X and Q is a bounded below 
complex of Ding projective modules 



Proof. Since X is a homologically bounded below complex, we can assume inf AT = 0. Let P — > X 
be a DG-projective resolution of X with inf{i | Pj / 0} = 0. Set 



Q = inf < sup IeZ 



Q ~ X and Q is a bounded below 
complex of Ding projective modules 



If Dpd R (X) = n, then Cj(P) is Ding projective for every j > n by Theorem 2.12. Let 
P' = — > C n (P) — > P n _i — »• »> P — > 0, 

and 

AT' = — > C n (X) — > A"„_i — > X n -2 — > ■ ■ ■ ■ 

Since P ~ A", we have P ~ A"'. From P' ~ A'' and X ~ AT', wc get P' ~ AT. Each component of 
P' is a Ding projective module, which implies that 51 < n. 

Now suppose that CI = m < oo. We are going to show that Dpd R (X) < m. By hypothesis, there 
exists a complex 

Q = — > Q m — > Qm-i — ► ' ' ' — ^ Qo — ^ 
of Ding projective modules such that Q ~ X. Since P ~ X ~ Q and P is a DG-projective complex, 
there is a quasi-isomorphism P — 5- Q. In addition, Q is bounded below, so there is a surjective 
morphism P* — > Q with P* a bounded below projective complex. Then P ® P* — > Q is a 
surjective quasi-isomorphism. Thus we have an exact sequence 

— > K — > P($ P* — > Q — ► 0, 

with K exact, which implies that there is an exact sequence 

— ► Kj — > Pj © P* — • (}, — • (I 
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in P-Mod for all j 6 Z. Since P., © Pj* and are Ding projective modules, it follows that Kj is 
a Ding projective module. Thus K is a bounded below exact complex of Ding projective modules, 
and so Cj(K) is a Ding projective module for each j £ Z. In exact sequence 

— > C m (iO — > C m (P) © C m (P*) — > C m (Q) — > 0, 

C m {Q) = Qm and C m (iT) are Ding projective, so C m (P) ©C m (P*) is Ding projective. By Lemma 
2.4, C m (P) is Ding projective. Since P — > X is a DG-projective resolution with supP < m and 
Cj(P) Ding projective for all j > m, it follows that Dpd R (X) < m. By the above, Dpd R (X) = oo 
if and only if = oo; and note that T)j>d R (X) = — oo if and only if X is exact if and only if 
Q = -oo. □ 

Lemma 2.18. (1)(|CFH, Proposition 2.6(a)]) LetU be a class of R-modules, and a : X — > Y be a 
morphism in C(R) such that 

Rom R (U,a) : Kom R (U,X) -=> Rom R (U,Y) 

is a quasi-isomorphism for every module U £ U. If U £ C^(R) is a complex consisting of mod- 
ules from U, then the induced morphism Homfl(£7, a) : Hom R (U , X) Hom R (U, Y) is a quasi- 
isomorphism. 

(2) f[CFH, Proposition 2.7(a)]) Let V be a class of R-modules, and a : X — > Y be a morphism 
in C(R) such that 

Rom R (a, V) : Rom R (X, V) -=» Rom R (X, V) 
is a quasi-isomorphism for every module V £ V. If V £ C C (P) is a complex consisting of mod- 
ules from IA, then the induced morphism Hom^(a, V) : Hom R (X, V) Hom R (Y,V) is a quasi- 
isomorphism. 

Lemma 2.19. Let V ^> W be a quasi-isomorphism between R-complexes, where V, W £ C^(R) 
and each module in V and W has finite flat or finite injective dimension. If A £ C^(R) is a 
complex of Ding projective modules, then the induced morphism Hom R (A, V) — > Hom R (A, W) is a 
quasi-isomorphism. 

Proof. By Lemma 2.18(1), we may immediately reduce to the case, where A is a Ding projective 
module. In this case we have quasi-isomorphisms a : P A and ft : A P in C(R), where 
P £ C^(R) and P £ C != (P) are respectively the left half and right half of a totally .P-acyclic 
complex of A. Let T be any P-module of finite flat or finite injective dimension. Lemma 2.4(1) 
implies that a totally P-acyclic complex stays exact when the functor Homjj(- , T) is applied to it. 
In particular, the induced morphisms 

Rom R (a,T) : Rom R (A,T) Uom R (P,T), 

and 

Bom R (fi,T) : Rom R (P,T) Rom R (A, T) 

are quasi-isomorphisms. By Lemma 2.18(2) it follows that Homjj(a, V) and Horri^a, W) are quasi- 
isomorphisms. In the commutative diagram 

Hom R (A, V) ^ Rom R (A, W) 



Hom B (a,y) 



Honijj(a,v) 



Hom^P, V) — ^ Kom R (P, W) 
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the lower horizontal morphism is obviously a quasi-isomorphism, and this makes the induced mor- 
phism Homn(A, V) — > Romn(A, W) a quasi-isomorphism as well. □ 

Lemma 2.20. // X ~ A, where A G C^(i?) is a complex of Ding projective modules, and U ~ V, 
where V € C c (i?) is a complex in which each module has finite flat or finite infective dimension, 
then 

RHom^X, U) ~ Hom H (A, V). 

Proof. Assume that V ^ I G C != (i?) is a DG-injective resolution of V . We have 

RHom^X, U) ~ RHom^A, V) ~ Hom H (A, /). 

From Lemma 2.19 we get a quasi-isomorphism Homft(A, V) ^> Homfl(/l, I), and the result follows. 

□ 

Lemma 2.21. Let F be a flat R-module. If X ~ A, where X G Cnj\(R) and A G C^(R) is a 
complex of Ding projective modules and n > sup AT, then 

Ext^C^F) = R_ (m+n) (R-Rom R (X,F)). 

Proof. Since n > supX = sup A we have A n □ ~ £™C^, and since F is flat it follows by Lemma 
2.20 that RHom^(C^, -F) is represented by Romn(T,~ n A n □ , F). For m > the isomorphism class 
Ext^(C^,F) is then represented by 

H_ rn (Hom J? (S-"A n F)) = H_ m (E n Hom fl (A n F)) 

= H_ (m+n) (Hom H (A n F)) 

= H_ (TO+n) (c_„ Rotl\ r {A,F)) 

= H_ (m+n) (Hom Ji (A, i* 1 )). 

It also follows from Lemma 2.20 that the complex Roto. r {A, F) represents KHom R (X,F), so 
Ext£(C£,F) = H_ (m+n) (RHo mii (X,F)). □ 

Theorem 2.22. Let X G Cp)(fl) of finite Ding projective dimension. For n G Z the following are 
equivalent: 

(1) Dpd H (X) < n. 

(2) inf [/ — inf RHoniR(X, U) < n for all U G C(nj(i?) of finite flat dimension with H(U) ^ 0. 

(3) — inf RHonifl^X, F) < n for all flat R-modules F. 

(4) sup X < n and for any bounded below complex A ~ X of Ding projective modules, the cokernel 
= Coker(A„ + i — > A n ) is a Ding projective module. 

Moreover, the following hold: 

Dpd fl (A:) = sup{inf U - inf RHoniflXAT, U) \ i& R U < oo and R(U) ^ 0} 
= sup{-infRHom fl (A",F) | F is flat}. 

Proof. The proof of the equivalence of (l)-(4) is cyclic. Obviously (2)=> (3). So this leaves us three 
implications to prove. 

(1)=> (2) Choose a complex A G Crj(i?) consisting of Ding projective modules, such that A ~ X 
and Ai — for all I > n. First let U be a complex of finite flat dimension with H(U) ^ 0. Set 
i = inf U and note that i G Z as U G C(p)(ii) with H({7) 7^ 0. Choose a bounded complex F ~ [/ 
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of flat modules with Fi ^ for / < i. By Lemma 2.20, the complex Hom R (A, F) is equivalent to 
RHoiiir(X, U); In particular, inf KHomu(X, U) = inf Hom^(A, F). For I < i — n and q £ Z, either 
q>n or q + l<n + l<i, so the module 

Horxifi^F); = JjHo mii (A„F, + ,) = 0. 

Hence, H; (Hom R (A, i* 1 )) = for I < i — n, and inf KHom R (X , {/) > i — n = inf [/ — ?i as desired. 

(3)=> (4) This part is divided into three steps. First we establish the inequality n > supX, 
next we prove that the nth cokernel in a bounded complex A ~ X of Ding projective modules is 
again Ding projective, and finally we give an argument that allows us to conclude the same for 
A e C D (i?). 

To see that n > supX, it is sufficient to show that 
(*) sup{-infRHomji(X,F)| F is flat} > supX. 

By assumption, g = Dpd^X is finite; That is, X ~ A for some complex 

8 A 

A = — > A g — ^ A g ^ — > y At — ► 0, 

and it is clear g > supX since X ~ A. For any flat module F, the complex Hom R (A, F) is 
concentrated in degrees —i to — g, 

Hom H («* f) 

Rom R (A^F) > Hom fl (A s _i,F) * Hom K (^,f) . 

By lemma 2.20, Hom R (A,F) is equivalent to RHom^(X, F) in C(Z). First, consider the case 
g = supX: The differential 5^ : A s — >■ A g -i is not injective, as A has homology in degree 
g = swp X = sup A. By the definition of Ding projective modules, there exists a projective (and 
so flat) module F and an injective homomorphism <p : A g — > F. Because 6£ is not injective, 
tp G HomR(A g , F) cannot have the form Hoiiir(<5^, F)(ip) = ipS^ for some tp £ Homfl(A g _i, F). 
That is, the differential HorriR^^ 1 , F) is not surjective; Hence rIom R (A, F) has nonzero homology 
in degree — g = — supX, and (*) follows. 

Next, assume that g > sup X = s and consider the exact sequence 

— > A g — ► ► A s+ i — > A s — ► A s — > — ► 0. 

It shows that Dpd^C^ 1 < g — s, and it is easy to check that equality must hold; otherwise, we would 
have Dpd R X < g by 2.17. By Lemma 2.21, it follows that for all m > 0, all n > supX, and all flat 
modules F one has 

(*) Ext£(C^,F) = H_ (m+n) (RHom fi (X,F)). 

By Lemma 2.7, we have Ext 9 R ~ s (Cf , F) ^ for some flat F, whence H_ g (RHom fl (X, F )) ^ by 
(★), and (*) follows. We conclude that n > supX. 

It remains to prove that is Ding projective for any bounded below complex A ~ X of Ding 
projective modules. By assumption, Dpd R X is finite, so a bounded complex A ~ X of Ding 
projective modules does exist. Consider the cokernel C^. Since n > supX = sup A, it fits in an 
exact sequence — > A f — ► • • • — > A n+ i — > A„ — > — > 0, where all the A;'s are Ding projective. 
By (*) and Lemma 2.4(3), it now follows that also is Ding projective. With this, it is sufficient 
to prove the following: 
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If P, A G C^(i?) are complexes of, respectively, projective and Ding projective modules, and 
P ~ X ~ A, then the cokernel is Ding projective if and only if is so. 

Let A and P be two such complexes. As P consists of projective modules, there is a quasi- 
isomorphism ir : P A, which induces a quasi-isomorphism between the truncated complexes, 
C„ it :C n -P — — K„ A. The mapping cone 

Cone(c„ tt) = -> C£ -> P„_i © -> P„_ 2 © A„_i -> • • • 

is a bounded exact complex, in which all modules but the two left-most ones are known to be Ding 
projective modules. It follows by the resolving properties of the class of Ding projective modules 
that is Ding projective if and only if P„_i © is so, which is equivalent to being Ding 
projective. 

(4)=> (1) Choose a DG-projective resolution P of X, by (4) the truncation C„ P is a complex 
of the desired type. 

The last claim are immediate consequences of the equivalence of (1), (2) and (3). □ 
Corollary 2.23. Let X 6 Cp) (R) of finite Ding projective dimension. Then Gpd R (X) = Dpd R (X). 
Proof. It follows from Theorem 2.22 and [CFH, Theorem 3.1] □ 

Lemma 2.24. Let ip : R —> S be a homomorphism of rings. 

(1) If M is a Ding projective S-module, then Hom^(P, M) is a Ding projective S-module for 
every finite projective R-module P. 

(2) If M is a Ding projective S-module, then P ®jj M is a Ding projective S-module for every 
projective R-module P. 

Proof. (1) Let T be a totally .P-acyclic complex of M. Then the complex Hohir(P, T) of projective 
iS-modules is exact. For any flat S'-module Q we have 

Horns (Hom fl (P, T), Q)) = P ® R Hom s (T, Q). 

Since Homs(T, Q) is exact, and P is finite projective, we obtain that Horns (Hom^(P, T), Q)) is 
exact, and so Hornfj(P,T) is a totally J-"-acyclic complex of Homfl(P, M). 

(2) Let T be a totally ^-acyclic complex of M. Then the complex P®rT of projective 5-modules 
is exact. For any flat S'-module Q we have the exactness of 

Hom s (P ®r T, Q)) = Hom R (P, Hom s (T, Q)) 

as Homs(T, Q) is exact. Hence P <E)r T is a totally .F-acyclic complex of P <E)r M. □ 

Theorem 2.25. Let (p : R — > S be a homomorphism of rings, X € C^(S). 

(1) IfU€ P (/) (P), then Bpd s (RUom R (U,X)) < Dpd s {X) - infU. 

(2) IfU e P(R), then Dpd s (C/ ® R X) < Dpd g (X) + pd fl (Z7). 

Proof. (1) We can assume that U is not exact, otherwise the inequality is trivial; and we set 
i = inf U, pd R (U) = n. The inequality is also trivial if X is exact or not of finite Ding projective 
dimension, so we assume that X is not exact and set Dpd^(A') = g. We can now choose a complex 
A G Cp(SQ of Ding projective modules which is equivalent to X and has Ai = for I > g; we set 
v = inf{Z G Z | A{ 7^ 0}. Since U G P^\R), U is equivalent to a complex P of finite projective 
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modules concentrated in degrees n, i. Now RHom^P, X) is represented by the complex 
Homft(P, A) with 

n 

Eom R (P,A)i = Y[Rom R (P q ,A q+ i) = @Rom R (P q ,A q+ i). 

q£Z q—i 

The modules Hom^(Pj, A q+ {) arc Ding projective by Lemma 2.24(1), and finite direct sums of Ding 
projective modules are Ding projective. So Hom#(P, A) is a complex of Ding projective modules. 
In addition, we have Hom^(P, A)i = for / < v — n; and if I > g — i, then I + q > g — i + q > 
g, and so Hom fi (P, A)i = 0. It follows that Hom^P, A) is bounded. That is, Rom R (P,A) is 
a bounded complex of Ding projective modules concentrated in degrees at most g — i. Hence 
Dpd^RHom^P, X))<g-i = Dpd s (X) - inf U. 

(2) We can assume that U is not exact, otherwise the inequality is trivial; and we set i = inf U , 
pd R (U) = n. The inequality is also trivial if X is exact or not of finite Ding projective dimension, 
so we assume that X is not exact and set Dpd R (X) = g. We can now choose a complex A £ Crj(5) 
of Ding projective modules which is equivalent to X and has Ai = for I > g\ we set v = inf {7 € 
Z | Ai 7^ 0}. Since U <E P(P), f is equivalent to a complex P of projective modules concentrated 
in degrees n, ■ ■ • , i. Now U <g)|j X is represented by the complex P ®a A with 

n 

(P ® fl A)i = 0(P 9 ® = 0(P„ ® 

ijGZ q=i 

The modules P 9 ® A\_ q are Ding projective by Lemma 2.24(2), and finite direct sums of Ding 
projective modules are Ding projective. So P ® R A is a complex of Ding projective modules. In 
addition, we have (P ® R A)i = for I < v + i; and if I > g + n, then I — q > g + n — q > g, and 
so (P ® R A) i = 0. It follows that P ® R A is bounded. That is, P ® R A is a bounded complex of 
Ding projective modules concentrated in degrees at most g + n. Hence Dpd s ([7 0^, X) < g + n = 
Dpd s (X)+pd i? ([/). □ 

Let P be a subring of the ring 5, and assume that P and 5* have the same unity 1. The ring S 
is called an excellent extension of R if 

(A) S is a free normalizing extension of R with a basis that includes 1; that is, there is a finite 
subset {ai, • • • , a n } of S such that ai = 1, 5 = a i-^ an d a iP = P°i f° r alH = 1, • • • , n and 5* 
is free with basis {ai, • • • , a n } both as a right and left P-module, and 

(B) S is P-projective; that is, if sX is a submodule of sM, then R N \ R M implies sJV | gM. 
Excellent extensions were introduced by Passman [PI]. Examples include n x n matrix rings, 

and crossed products R* G where G is a finite group with |G| _1 G R [P2]. 

Lemma 2.26. Let S be an excellent extension of R. 

(1) If N is a Ding projective R-module, then Hom R (P,N) is a Ding projective S-module for 
every finite projective S-module P. 

(2) If N is a Ding projective R-module, then P ® R N is a Ding projective S-module for every 
projective S-module P. 

Proof. (1) Let T be a totally ^-acyclic complex of N. Then the complex Hom^(P,T) consists of 
projective S'-modules, and it is exact as P is a finite projective P-module. For any fiat S'-module 
Q we have 

Hom s (Hom fi (P, T), Q)) = P ® R Hom s (T, Q), 
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which is exact as Q is a flat i?-module. Hence Hom.n(P,T) is a totally J-"-acyclic complex of 
Hom R (P,7V). 

(2) Let T be a totally .F-acyclic complex of N. Then the complex P <E)r T consists of projective 
.S-modulc-s, and it is exact as P is a projective i?-module. For any flat S'-module Q, we have 

Hom 5 (P ®r T, Q)) = Hom^(P, Hom s (T, Q)), 

which is exact as Q is a flat R- module. Hence P® R T is a totally .F-acyclic complex of P® R N . □ 

Theorem 2.27. Let S be an excellent extension of R, X G Cp^i?). 

(1) IfV G P (/) (S"), i/ien Dpd s (RHom fl (V, X)) < Dpd fl (AT) - inf V. 

(2) //VGP(S), then~Dpd s (V ® L R X) < T>v& R (X) + pd s (V). 

Proof. They follow by analogy with the proof of Theorem 2.25, only this time use Lemma 2.26. □ 

Corollary 2.28. Let S be an excellent extension of R, X G C(-j\(R). Then 

(1) Dpd 5 (RHom fl (S,X)) < Vpd R (X). 

(2) Dpd s (S® L R X) <Bpd R (X). 

In [MD], Mao and Ding introduced and studied Gorenstein FP-injective modules, and showed 
that there is a very close relationship between Gorenstein FP-injective modules and Gorenstein flat 
modules. A left i?-modulc is called Gorenstein FP-injective if there is an exact sequence 

• • • — > Ei — > Eq — > _E_i — > E-2 — > • • • 

of injective left i?-modules with A^ = Coker(i?o — > -E-i) such that Hom(E, — ) leaves the sequence 
exact whenever E an FP-injective i?-module. Since Gorenstein FP-injective modules have proper- 
ties analogous to Gorenstein injective modules, Gillespie [Gi] called these modules Ding injective 
modules. 

Remark 2.29. Above we have only mentioned the Ding projective dimension of i?-complexes. Dually 
one can also define and study the Ding injective dimension for complexes of left i?-modulcs over 
an associative ring R. All the results concerning Ding projective dimension have a Ding injective 
counterpart. 
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